On the differential equation for the Sobolev-Laguerre polynomials by Markett, Clemens
ar
X
iv
:1
81
0.
06
48
8v
1 
 [m
ath
.C
A]
  1
5 O
ct 
20
18
On the differential equation for the Sobolev-Laguerre polynomials
Clemens Markett
Abstract
The Sobolev-Laguerre polynomials form an orthogonal polynomial system with respect
to a Sobolev-type inner product associated with the Laguerre measure on the positive half-
axis and two point massesM,N > 0 at the origin involving functions and derivatives. These
polynomials have attracted much interest over the last two decades, since they became known
to satisfy, for any value of the Laguerre parameter α ∈ N0, a spectral differential equation of
finite order 4α+10. In this paper we establish a new explicit representation of the correspond-
ing differential operator which consists of a number of elementary components depending on
α,M,N . Their interaction reveals a rich structure both being useful for applications and as
a model for further investigations in the field. In particular, the Sobolev-Laguerre differential
operator is shown to be symmetric with respect to the inner product.
Key words: Sobolev orthogonal polynomials, higher-order differential equations, Sobolev-
Laguerre differential operator, Sobolev-Laguerre polynomials, Laguerre equation, symmetric
differential operator.
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1 Introduction
For α > −1,M ≥ 0, N ≥ 0, R. Koekoek and H. G. Meyer [14], [15] introduced the generalized
Laguerre polynomials {Lα,M,Nn (x)}∞n=0 , which are orthogonal on 0 ≤ x < ∞ with respect to
the inner product of Sobolev-type
(f, g)w(α,M,N) =
1
Γ(α+ 1)
∫
∞
0
f(x)g(x)e−xxαdx+M f(0)g(0) +N f ′(0)g′(0). (1.1)
In terms of the classical Laguerre polynomials
Lαn(x) =
(α+ 1)n
n!
1F1(−n;α+ 1;x), n ∈ N0,
the Sobolev-Laguerre polynomials can be written as, cf. [15, (10.1-2)],
Lα,M,Nn (x) = L
α
n(x) +M T
α
n (x) +N U
α
n (x) +MN V
α
n (x), 0 ≤ x <∞, (1.2)
1
where Tα0 (x) = U
α
0 (x) = U
α
1 (x) = V
α
0 (x) = V
α
1 (x) = 0 and, for other values of n ∈ N,
Tαn (x) = −
(α+ 2)n−1
n!
xLα+2n−1(x),
Uαn (x) =
(α+ 3)n−2
(α+ 1)(α + 3)(n − 2)!
[
Uαn,1(x) + U
α
n,2(x) + U
α
n,3(x)
]
with
Uαn,1(x) =
x2
n− 1
Lα+4n−2(x), U
α
n,2(x) = −(α+ 2)xL
α+2
n−1(x), U
α
n,3(x) = −(n+ α+ 1)L
α
n(x),
V αn (x) =
1
α+ 1
(α+ 3)n−2
(n− 1)!
(α+ 4)n−2
n!
x2Lα+4n−2(x).
(1.3)
As usual, (a)0 = 1 and (a)n = a(a + 1) · · · (a + n − 1), a ∈ R, n ∈ N, is the shifted factorial.
Another representation of Uαn (x) is given in (2.26) below. ForM > 0 andN = 0, the polynomials
(1.2) reduce to the Laguerre-type polynomials due to T.H. Koornwinder [16].
In 1998, J. and R. Koekoek and H. Bavinck [11] discovered that for M,N > 0 and each
α ∈ N0, the polynomials yn(x) = L
α,M,N
n (x), n ∈ N0, satisfy a unique spectral differential
equation of finite order 4α+10. Following Bavinck [1, (2)], it is convenient to write this equation
in an operational form which corresponds to the representation (1.2) of the eigenfunctions,{[
Lαx + λ
α
n
]
+M
[
Aαx + λ
α,A
n
]
+N
[
Bαx + λ
α,B
n
]
+MN
[
Cαx + λ
α,C
n
]}
yn(x) = 0. (1.4)
The present paper deals with the four differential operators Lαx , A
α
x , B
α
x , C
α
x , each being
independent of n. Our major purpose is to establish new efficient representations of the latter
two associated with the parameters M,N . The four components of the eigenvalue parameter in
(1.4) are polynomials in n given by, cf. [11, Sec. 2],
λαn = n, λ
α,A
n =
(n)α+2
(α+ 2)!
, λα,Bn =
α+ 2
α+ 1
(n− 2)α+4
(α + 4)!
+
1
α+ 1
(n− 1)α+3
(α+ 3)!
,
λα,Cn =
1
α+ 1
min(n−2,α+2)∑
j=0
(α+ 3− j)2j
(j!(j + 1)!
(n− 1− j)j+α+3
(j + α+ 3)!
.
(1.5)
For M = N = 0, the first component of (1.4) comprises the classical Laguerre equation[
Lαx + n
]
Lαn(x) = 0, where
Lαxy(x) =
[
xD2x + (α+ 1− x)Dx
]
y(x) = exx−αDx
[
e−xxα+1Dxy(x)
]
. (1.6)
Here and in the following, Dix ≡ (Dx)
i, i ∈ N, denotes an i-fold differentiation with respect to x.
The second term of (1.4) is associated with the Laguerre-type equation determined by J. and
R. Koekoek [10, (15)]. This differential equation is of order 2α+ 4 with
Aαxy(x) =
2α+4∑
i=1
ai(α, x)D
i
xy(x),
ai(α, x) =
1
(α+ 2)!
min(i,α+2)∑
j=max(1, i−α−2)
(−1)i+j+1
(
α+ 1
j − 1
)(
α+ 2
i− j
)
(i+ 1)α+2−j x
j .
(1.7)
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Just recently, we found another representation of this differential expression more reminiscent of
the second identity of definition (1.6), see [19]. Indicating the order of the expression as another
index, we proved that Aαxy(x) coincides with
L˘α2α+4,xy(x) =
(−1)α+1
(α+ 2)!
exxDα+2x
{
e−xDα+2x [x
α+1y(x)]
}
. (1.8)
This result was obtained by taking a confluent limit of a similar representation of the higher-
order Jacobi-type differential equation established in [18]. For an extension of this paper to the
generalized Jacobi equation with four parameters see [20]. A combination of (1.6) and (1.8) could
then be used to show that the Laguerre-type differential operator is symmetric with respect to
the inner product (1.1) for N = 0.
In the Sobolev casesM ≥ 0, N > 0, however, the latter two components of equation (1.4) are
by far more complicated. In fact, it was shown by J. and R. Koekoek and H. Bavinck [11, Cor.
2, Thm. 3] that the coefficient functions {βi(α, x)}
2α+8
i=1 and {γi(α, x)}
4α+10
i=1 of the corresponding
differential expressions
Bαxy(x) =
2α+8∑
i=1
βi(α, x)D
i
xy(x), C
α
x y(x) =
4α+10∑
i=1
γi(α, x)D
i
xy(x), (1.9)
are polynomials of degree at most i, each given as a sum of up to five terms involving certain
hypergeometric sums. Notably, each of the four differential operators in (1.4) is of an order
being twice the degree of the respective eigenvalue component in (1.5). In particular, the highest
coefficient functions turned out to be the monomials
β2α+8(α, x) =
(α+ 2)(−1)α+1
(α+ 1)(α + 4)!
xα+4, γ4α+10(α, x) =
x2α+5
(α+ 1)(2α + 5)(α + 2)!(α + 3)!
. (1.10)
Moreover, it was proved for any α ∈ N0, that the coefficient functions share the remarkable
property
2α+4∑
i=1
ai(α, x) =
2α+8∑
i=1
βi(α, x) =
4α+10∑
i=1
γi(α, x) = 0. (1.11)
So it is natural to raise the question whether there are useful representations of the two
components Bαx and C
α
x of the Sobolev-Laguerre equation as well, preferably of a form similar
to the component (1.8). In Section 2, we answer this question in the affirmative, see Theo-
rem 2.1. According to their respective orders, we denote the new differential expressions by
L˜α2α+8,xy(x) and L̂
α
4α+10,xy(x), respectively. Surprisingly, L˜
α
2α+8,xy(x) turns out to be a certain
linear combination of three distinct parts, while the differential expression L̂α4α+10,xy(x) consists
of α+3 terms of a similar structure. As a first consequence we note that the new representations
immediately satisfy the properties (1.10) and (1.11), as well.
The proof of Theorem 2.1 crucially depends on the fact that each component of equation (1.4)
exhibits an eigenvalue equation by itself, whose eigenfunctions are the corresponding components
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of the Sobolev-Laguerre polynomial (1.2). While the first of these equations is classical, see (1.6),
it was proved in [18, Cor 2.3] that[
L˘α2α+4,x + λ
α,A
n
]
Tαn (x) = 0, α ∈ N0, n ≥ 1. (1.12)
Now, in Proposition 2.3, we obtain, for each α ∈ N0 and all n ≥ 2,[
L˜α2α+8,x + λ
α,B
n
]
Uαn (x) = 0,
[
L̂α4α+10,x + λ
α,C
n
]
V αn (x) = 0. (1.13)
Finally, Section 3 is devoted to showing that the Sobolev-Laguerre differential operator
Lα,M,Nx = L
α
x +M L˘
α
2α+4,x +N L˜
α
2α+8,x +MN L̂
α
4α+10,x (1.14)
is symmetric with respect to the inner product (1.1). Consequently, the corresponding eigenfunc-
tions form an orthogonal polynomial system in the respective function space. This enables us to
trace the orthogonality of the Sobolev-Laguerre polynomials back to their differential equation
property.
Over the past quarter century, there has been an enormous interest in Sobolev orthogonal
polynomials and their various properties. An excellent overview over new developments in this
fascinating area of research as well as many historical comments have been given by F. Marcella´n
and Y. Xu [17], see, in particular, the chapters on ”Sobolev type orthogonal polynomials”
and ”Differential equations”. Another profound article by W. N. Everitt, K.H. Kwon, L. L.
Littlejohn, and R. Wellman [6] surveys the known results on orthogonal polynomial solutions
of linear ordinary differential equations until the turn of the century. In particular, I. H. Jung,
K. H. Kwon, D. W. Lee, and L. L. Littlejohn [9] found necessary and sufficient conditions for
such spectral differential equations. A promising approach to Sobolev-Laguerre polynomials and
their differential equations was developed by A. Gru¨nbaum, L. Haine, and E. Horozov [7] by
repeatedly applying a process of Darboux transformations. Very recently, P. Iliev [8] as well as
A. J. Dura´n and M. D. de la Iglesia [4] extended these results to even more general settings via
new constructive techniques.
The results of the present paper and the method of proof certainly give some deeper insight
into the nature of higher-order differential equations with polynomial eigenfunctions and should
be worthwhile for further studies. For instance, it is very likely that there are similar results in
case of the differential equation for Sobolev-type Gegenbauer polynomials, cf. [2], [3] and the
literature cited there.
2 New representation of the Sobolev-Laguerre equation
The main result of this paper is the following.
Theorem 2.1. For α ∈ N0,M ≥ 0, N > 0, let L
α,M,N
x denote the Sobolev-Laguerre differential
operator (1.14) with the (combined) eigenvalue defined via (1.5) by
λα,M,Nn = λ
α
n +Mλ
α,A
n +Nλ
α,B
n +MNλ
α,C
n , n ∈ N0. (2.1)
4
Then the Sobolev-Laguerre polynomials yn(x) = L
α,M,N
n (x), n ∈ N0, satisfy the spectral differen-
tial equation
Lα,M,Nx yn(x) = −λ
α,M,N
n yn(x), n ∈ N0, (2.2)
where the differential expressions Lαxy(x) and L˘
α
2α+4,xy(x) are given in (1.6) and (1.8), respec-
tively. Furthermore,
L˜α2α+8,xy(x) =
(−1)α
(α+ 1)(α + 4)!
[
Eαx + F
α
x + G
α
x
]
y(x) (2.3)
with
Eαx y(x) = −(α+ 2) e
xxDα+4x
{
e−xx2Dα+4x
[
xα+1y(x)
]}
,
Fαx y(x) = (α+ 4) e
xxDα+3x
{
e−x(x+ 2α+ 4)Dα+3x
[
xα+1y(x)
]}
,
Gαx y(x) = (α+ 1)(α + 3)(α+ 4) e
xDα+2x
{
e−x(x+ 2α + 4)Dα+2x
[
xαy(x)
]}
.
(2.4)
and
L̂α4α+10,xy(x) =
α+2∑
j=0
(α+ 3− j)2j
j!(j + 1)!
Hα,jx y(x),
Hα,jx y(x) =
(−1)α+j
(α+ 1)(α + 3 + j)!
exxDα+3+jx
{
e−xxj(x+ qαj )D
α+3+j
x
[
xα+1y(x)
]}
,
(2.5)
where
qαj = (α+ 2)
−1(α+ 2− j)(α + 3 + j). (2.6)
Before we give the proof of this theorem which is based on Proposition 2.3 below, we state
some of its consequences.
For the first three values of the parameter, α = 0, 1, 2, formula (2.5)–(2.6) states that
e−xx−1L̂ 010,xy(x) =
2
5!
D5x
{
e−xx3D5x
[
xy(x)
]}
−
3
4!
D4x
{
e−xx(x+ 2)D4x
[
xy(x)
]}
+
1
3!
D3x
{
e−x(x+ 3)D3x
[
xy(x)
]}
,
2e−xx−1L̂ 114,xy(x) =
5
7!
D7x
{
e−xx4D7x
[
x2y(x)
]}
−
10
6!
D6x
{
e−xx2(x+ 2)D6x
[
x2y(x)
]}
+
6
5!
D5x
{
e−xx(x+
10
3
)D5x
[
x2y(x)
]}
−
1
4!
D4x
{
e−x(x+ 4)D4x
[
x2y(x)
]}
,
3e−xx−1L̂ 218,xy(x) =
14
9!
D9x
{
e−xx5D9x
[
x3y(x)
]}
−
35
8!
D8x
{
e−xx3(x+ 2)D8x
[
x3y(x)
]}
+
30
7!
D7x
{
e−xx2(x+
7
2
)D7x
[
x3y(x)
]}
−
10
6!
D6x
{
e−xx(x+
9
2
)D6x
[
x3y(x)
]}
+
1
5!
D5x
{
e−xx(x+ 5)D5x
[
x3y(x)
]}
.
(2.7)
It is not hard to see that in these three cases, the new representations (2.7) coincide with those
stated in [12, Sec. 4.1–3], see also [13].
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Expanding the differential expressions (2.3)–(2.4) and (2.5)–(2.6) into the series
L˜α2α+8,xy(x) =
2α+8∑
i=1
bαi (x)D
i
xy(x), L̂
α
4α+10,xy(x) =
4α+10∑
i=1
cαi (x)D
i
xy(x), (2.8)
the highest coefficient functions obviously arise in the differential expressions Eαx y(x) and
Hα,α+2x y(x) =
1
(α+ 1)(2α + 5)!
exxD2α+5x
{
e−xxα+3D2α+5x
[
xα+1y(x)
]}
,
respectively. Hence, we obtain
bα2α+8(x) =
(α + 2)(−1)α+1
(α+ 1)(α + 4)!
xα+4, cα4α+10(x) =
(1)2α+4
(α+ 2)!(α + 3)!
x2α+5
(α+ 1)(2α + 5)!
. (2.9)
These values coincide with β2α+8(α, x), γ4α+10(α, x) stated in (1.10). Similarly, it follows that
L˘α2α+4,xy(x) =
2α+4∑
i=1
aαi (x)D
i
xy(x), a
α
2α+4(x) ≡ a2α+4(α, x) =
(−1)α+1
(α+ 2)!
xα+2. (2.10)
Finally, we conclude that the series (2.8) and (2.10) satisfy the property (1.11), as well.
Corollary 2.2. For each α ∈ N0,
2α+4∑
i=1
aαi (x) = e
−xL˘α2α+4,x[e
x] = 0,
2α+8∑
i=1
bαi (x) = e
−xL˜α2α+8,x[e
x] = 0,
4α+10∑
i=1
cαi (x) = e
−xL̂α4α+10,x[e
x] = 0.
(2.11)
Proof. For 0 ≤ r < t ≤ s, there holds
Dsx
{
e−xxrDsx
[
xs−tex
]}
= Dsx
{ s∑
k=t
(
s
k
)
(s− t)!
(k − t)!
xk−t+r
}
= 0.
Hence, all three identities in (2.11) are verified by observing that
Dα+2x
{
e−xDα+2x
[
xα+1ex
]}
= 0,
Dα+4x
{
e−xx2Dα+4x
[
xα+1ex
]}
= 0, Dα+2+jx
{
e−x(x+ 2α+ 4)Dα+2+jx
[
xα+jex
]}
= 0, j = 0, 1,
Dα+3+jx
{
e−xxj(x+ qαj )D
α+3+j
x
[
xα+1ex
]}
= 0, j = 0, · · ·α+ 2. 
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Proposition 2.3. For α ∈ N0 and all n ≥ 2, the components U
α
n (x) and V
α
n (x) of the Sobolev-
Laguerre polynomials (1.2) satisfy the spectral differential equations (1.13), i. e.
L˜α2α+8,xU
α
n (x) = −λ
α,B
n U
α
n (x),
L̂α4α+10,xV
α
n (x) = −λ
α,C
n V
α
n (x).
(2.12)
Proof. Concerning the first equation in (2.12), we split up the corresponding component of
the eigenvalue parameter by
λα,Bn =
(−1)α
(α+ 1)(α + 4)!
[
λα,Bn,1 + λ
α,B
n,2
]
,
{
λα,Bn,1 = (−1)
α(α+ 2)(n − 2)α+4
λα,Bn,2 = (−1)
α(α+ 4)(n − 1)α+3
as well as the expressions Fαx y(x) and G
α
x y(x) in definition (2.4) by
Fαx,1y(x) = (α+ 4)e
xxDα+3x
{
e−xxDα+3x
[
xα+1y(x)
]}
,
Fαx,2y(x) = 2(α+ 2)(α + 4)e
xxDα+3x
{
e−xDα+3x
[
xα+1y(x)
]}
,
Gαx,1y(x) = (α + 1)(α + 3)(α + 4) e
xDα+2x
{
e−xxDα+2x
[
xαy(x)
]}
,
Gαx,2y(x) = 2(α + 1)4 e
xDα+2x
{
e−xDα+2x
[
xαy(x)
]}
.
Then, by definition (1.3) of Uαn (x), it is to show that[
Eαx +F
α
x,1 + F
α
x,2 + G
α
x,1 + G
α
x,2 + λ
α,B
n,1 + λ
α,B
n,2
][
Uαn,1(x) + U
α
n,2(x) + U
α
n,3(x)
]
= 0. (2.13)
Applying each operation in the first bracket separately to the three functions in the second one,
we have to evaluate no fewer than 21 different pieces, namely, for i = 1, 2 and j = 1, 2, 3,
Ej = E
α
x (U
α
n,j, x), Fi,j = F
α
x,i (U
α
n,j , x), Gi,j = G
α
x,i (U
α
n,j , x), Λi,j = λ
α,B
n,i · U
α
n,j(x).
To this end, we frequently make use of some well-known recurrence and differentiation formulas
for the Laguerre polynomials, cf. e. g. [5, 10.12]. For suited values of γ, n, these are
Lγn(x) = L
γ+1
n (x)− L
γ+1
n−1(x), x L
γ
n(x) = (n+ γ)L
γ−1
n (x)− (n+ 1)L
γ−1
n+1(x),
DxL
γ
n(x) = −L
γ+1
n−1(x), Dx[x
γLγn(x)] = (n+ γ)x
γ−1Lγ−1n (x),
Dx[e
−xLγn(x)] = −e
−xLγ+1n (x), Dx[e
−xxγLγn(x)] = (n+ 1)e
−xxγ−1Lγ−1n+1(x),
(2.14)
and, consequently, Lγ+2n (x) =
∑n
k=0 L
γ+1
k (x) =
∑n
k=0(n + 1 − k)L
γ
k(x). First of all, we observe
that problem (2.13) slightly simplifies because of
E2 + Λ1,2 = 0, F1,2 + Λ2,2 = 0, F1,3 +G1,3 + Λ2,3 = 0. (2.15)
In fact, by combining the two formulas
Dα+4x [x
α+2Lα+2n−1(x)] = (n)α+2D
2
xL
0
n−1(x) = (n)α+2L
2
n−3(x),
Dα+4x [e
−xx2L2n−3(x)] = (−1)
α(n− 2)2 e
−xLα+2n−1(x),
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we obtain
E2 = −(α+ 2) e
xxDα+4x
{
e−xx2Dα+4x [−(α+ 2)x
α+2Lα+2n−1(x)]
}
= (−1)α(α+ 2)2(n − 2)α+4 xL
α+2
n−1(x) = −Λ1,2.
The second identity in (2.15) holds analogously, and, omitting some intermediate steps, the third
one follows by
Fx,1L
α
n(x) + Gx,1L
α
n(x) + λ
α,B
n,2 L
α
n(x)
=(−1)α(α+ 4)(n + 1)α
{
x
[
(n− 1)nLα+2n−1(x) + (α+ 1)nL
α+3
n−1(x)− (α+ 1)L
α+4
n−1(x)
]
− (α+ 1)(α + 3)
[
nLα+2n−1(x)− L
α+3
n−1(x)
]
+ (n − 1)n(n + α+ 1)Lαn(x)
}
= 0.
Concerning all other pieces, our strategy is first to expand them into Laguerre series with
parameter α+ 2 and then to cluster the resulting terms appropriately. For instance, we have
G1,1 +G1,2 =
1
n− 1
Gαx,1
[
x2Lα+4n−2(x)
]
− (α+ 2)Gαx,1
[
xLα+2n−1(x)
]
= (−1)α+1(α+ 1)(α + 3)(α + 4)
{ n−2∑
s=0
n− 1− s
n− 1
(s+ 1)α+2 ·
[
(s+ 1)Lα+1s+1 (x)− sL
α+1
s (x)
]
+ (α+ 2)
n−2∑
s=0
(s + 1)α+2L
α+1
s+1 (x)
}
= (−1)α(α+ 1)(α + 3)2(α+ 4)
{
(α+ 2)!
n− 1
Lα+20 (x)
+
n−2∑
s=1
(α+ 3)s+ α+ 2
n− 1
(s + 1)α+1L
α+2
s (x)− (n− 1)α+2L
α+2
n−1(x)
}
.
(2.16)
Moreover we obtain by some tedious, but straightforward calculations, each guided by a numer-
ical verification for small values of the parameters,
E1 + F1,1 + Λ1,1 +Λ2,1 = (−1)
α(α + 3)(α + 4)
{
(α+ 3)(α + 3)!
n− 1
Lα+20 (x)
+
n−2∑
s=1
φ(α, s)
(α+ 4)(n− 1)
(s+ 1)α+1L
α+2
s (x)−
[
(α+ 2)n− α− 1
]
(n− 1)α+2L
α+2
n−1(x)
}
,
(2.17)
where
φ(α, s) =
[
(α+ 2)s − α
]
(s− 1)s2 −
[
(α+ 2)s+ 2
]
(2s+ α+ 3)s(s+ α+ 2)
+
[
(α+ 2)s+ α+ 4
]
(s+ α+ 2)(s + α+ 3)2
= (α+ 3)(α + 4)
[
2(α+ 2)s2 + (α+ 3)2s+ (α+ 2)(α + 3)
]
,
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and
(E3 + Λ1,3) + F2,1 + (F2,2 + F2,3 +G2,1 +G2,2 +G2,3) = (−1)
α+1(α+ 2)3 ·{
2(α+ 3)!
n− 1
Lα+20 (x) +
n−2∑
s=1
2(α + 3)(s + 1)
n− 1
(s + 1)α+2L
α+2
s (x)− (n− 1)α+3L
α+2
n−1(x)
}
.
(2.18)
Collecting the coefficients of Lα+20 (x) as well as of L
α+2
n−1(x) in (2.16)–(2.18), both sums clearly
vanish. Finally we notice that for each 1 ≤ s ≤ n− 2 , the coefficients of Lα+2s (x) add up to
(−1)α
(α+ 3)(α + 4)
n− 1
{
(α+ 1)(α+ 3)
[
(α+ 3)s + α+ 2
]
− 2(α+ 2)(α + 3)(s + 1)(s + α+ 2) +
1
α+ 4
φ(α, s)
}
(s+ 1)α+1 .
Since the factor in curly brackets is always zero, we arrive at the first equation in (2.12).
As to the second one, we have to show that
L̂α4α+10,x
[
x2Lα+4n−2(x)
]
= −λα,Cn x
2Lα+4n−2(x), n ≥ 2.
By definition (2.5) and (2.6),
α+ 1
x
L̂α4α+10,x
[
x2Lα+4n−2(x)
]
=
α+2∑
j=0
(α+ 3− j)2j(−1)
α+j ex
j!(j + 1)!(α + 3 + j)!
Dα+3+jx
{
e−xxj+1Dα+3+jx
[
xα+3Lα+4n−2(x)
]}
+
α+2∑
j=0
(α+ 2− j)2j+1(−1)
α+j ex
j!(j + 1)!(α + 2 + j)!(α + 2)
Dα+3+jx
{
e−xxj Dα+3+jx
[
xα+3Lα+4n−2(x)
]}
.
(2.19)
Employing again our tool box (2.14), we find that
Dα+3+jx
[
xα+3Lα+4n−2(x)
]
=
n−2∑
r=0
DjxD
α+3
x
[
xα+3Lα+3r (x)
]
=
n−2∑
r=0
(r + α+ 3)!
r!
DjxL
0
r(x) = (−1)
j
n−2∑
r=j
(r + α+ 3)!
r!
Ljr−j(x)
and thus
(−1)α+jexDα+3+jx
{
e−xxj Dα+3+jx
[
xα+3Lα+4n−2(x)
]}
= (−1)α
n−2∑
r=j
(r + α+ 3)!
r!
exDα+3x D
j
x
[
e−xxjLjr−j(x)
]
= (−1)α
n−2∑
r=j
(r + α+ 3)!
(r − j)!
exDα+3x
[
e−xL0r(x)
]
= −
n−2∑
r=j
(r + α+ 3)!
(r − j)!
Lα+3r (x).
(2.20)
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Similarly,
(−1)α+jexDα+3+jx
{
e−xxj+1Dα+3+jx
[
xα+3Lα+4n−2(x)
]}
= (−1)α
n−2∑
r=j
(r + α+ 3)!
r!
exDα+2x D
j+1
x
[
e−xxj+1{Lj+1r−j(x)− L
j+1
r−j−1(x)}
]
=
n−2∑
r=j
(r + α+ 3)!
(r − j)!
[
(r + 1)Lα+2r+1 (x)− (r − j)L
α+2
r (x)
]
=
n−2∑
r=j
(r + α+ 3)!
(r − j)!
[
− xLα+3r (x) + (α+ 3 + j)L
α+2
r (x)
]
.
(2.21)
Inserting (2.21) and (2.20) into the identity (2.19) then yields
α+ 1
x
L̂α4α+10,x
[
x2Lα+4n−2(x)
]
= −x
min(n−2,α+2)∑
j=0
(α+ 3− j)2j
j!(j + 1)!(α + 3 + j)!
n−2∑
r=j
(r + α+ 3)!
(r − j)!
Lα+3r (x)
+
min(n−2,α+2)∑
j=0
(α+ 3− j)2j
j!(j + 1)!(α + 2 + j)!
n−2∑
r=j
(r + α+ 3)!
(r − j)!
Lα+2r (x)
−
min(n−2,α+2)∑
j=0
(α+ 2− j)2j+1
j!(j + 1)!(α + 2 + j)!(α + 2)
n−2∑
r=j
(r + α+ 3)!
(r − j)!
Lα+3r (x)
=: Σ1 +Σ2 +Σ3.
Now we split up the inner sum of Σ1 into the two parts
n−2∑
r=j
(r + α+ 3)!
(r − j)!
[
Lα+4r (x)− L
α+4
r−1 (x)
]
=
(n+ α+ 1)!
(n− 2− j)!
Lα+4n−2(x) +
n−2∑
r=max(j,1)
[
(r + α+ 2)!
(r − 1− j)!
−
(r + α+ 3)!
(r − j)!
]
Lα+4r−1 (x)
=
(n+ α+ 1)!
(n− 2− j)!
Lα+4n−2(x)− (α+ 3 + j)
n−2∑
r=max(j,1)
(r + α+ 2)!
(r − j)!
Lα+4r−1 (x).
Hence,
Σ1 = −x
α+2∑
j=0
(α+ 3− j)2j (n− 1− j)j+α+3
j!(j + 1)!(α + 3 + j)!
Lα+4n−2(x) + Σ1,2,
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where the first term equals −(α+ 1)λα,Cn xL
α+4
n−2(x) as required. The second term becomes
Σ1,2 = x
min(n−2,α+2)∑
j=0
(α+ 3− j)2j
j!(j + 1)!(α + 2 + j)!
n−2∑
r=max(j,1)
(r + α+ 2)!
(r − j)!
Lα+4r−1 (x)
=
n−2∑
r=1
[min(r,α+2)∑
j=0
(−α− 2)j(−r)j
(2)j j!
]
(r + α+ 2)!
r!(α+ 2)!
xLα+4r−1 (x).
Applying now the well-known Chu-Vandermonde summation formula
2F1(−m, b; c;x) = (c− b)m/(c)m, c > 0, m ∈ N0 (2.22)
to the inner sum, we achieve
Σ1,2 =
n−2∑
r=1
(r + α+ 3)!
(r + 1)!(α + 3)!
(r + α+ 2)!
r!(α+ 2)!
xLα+4r−1 (x)
=
n−2∑
r=1
(r + α+ 3)!
(r + 1)!(α + 3)!
(r + α+ 2)!
r!(α+ 2)!
[
(r + α+ 3)Lα+3r−1 (x)− rL
α+3
r (x)
]
.
Analoguously,
Σ2 =
n−2∑
r=0
(r + α+ 3)!
(r + 1)!(α + 3)!
(r + α+ 3)!
r!(α+ 2)!
Lα+2r (x)
=
n−2∑
r=0
(r + α+ 3)!
(r + 1)!(α + 3)!
(r + α+ 3)!
r!(α+ 2)!
[
Lα+3r (x)− L
α+3
r−1 (x)
]
and
Σ3 = −
n−2∑
r=0
[min(r,α+1)∑
j=0
(−α− 1)j(−r)j
(2)j)j!
]
(r + α+ 3)!
r!(α+ 2)!
Lα+3r (x)
= −
n−2∑
r=0
(r + α+ 2)!
(r + 1)!(α + 2)!
(r + α+ 3)!
r!(α+ 2)!
Lα+3r (x).
So, putting all parts together, we arrive at
Σ1,2 +Σ2 +Σ3 =
n−2∑
r=0
(r + α+ 2)!
(r + 1)!(α + 2)!
(r + α+ 3)!
r!(α+ 3)!
·
[
− r + (r + α+ 3)− (α + 3)
]
Lα+3r (x) = 0.
This concludes the proof of Proposition 2.3. 
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Proof of Theorem 2.1. Inserting the Sobolev-Laguerre polynomials (1.2) into the known
Sobolev-Laguerre equation (1.4) and comparing the terms with equal powers of the parameters
M and N , one obtains a system of identities including[
Bαx + λ
α,B
n
]
Uαn (x) = 0,
[
Cαx + λ
α,C
n
]
V αn (x) = 0, n ≥ 2. (2.23)
So in view of Proposition 2.3, it follows that[
Bαx − L˜
α
2α+8,x
]
Uαn (x) = 0,
[
Cαx − L̂
α
4α+10,x
]
V αn (x) = 0, n ≥ 2. (2.24)
Moreover, by (1.9, (1.11) and the definition (2.3)–(2.5), the two identities (2.24) hold as well,
when the functions Uαn (x) and V
α
n (x) are replaced by any linear function. This, however, implies
that the differential operators Bαx and L˜
α
2α+8,x as well as C
α
x and L̂
α
4α+10,x coincide on the set of
all algebraic polynomials P. In fact, it just remains to show that for any pn(x) ∈ P, there are
constants ck = ck(α, n) and dk = dk(α, n), 0 ≤ k ≤ n, such that
pn(x) = c0 + c1x+
n∑
k=2
ckU
α
k (x) = d0 + d1x+
n∑
k=2
dkV
α
k (x). (2.25)
Concerning the first identity, we start off from the Laguerre expansion
pn(x) =
n∑
k=0
hαk (pn, L
α
k )w(α)L
α
k (x), h
α
k = (L
α
k , L
α
k )
−1
w(α) .
Next we observe that the polynomials Uαk (x), k ≥ 2, satisfy, cf. [11, (1),(2)],
(α+ 1)(α + 3)(k − 2)!
(α+ 3)k−2
Uαk (x)
=
[
k(α + 2)− (α+ 1)
]
Lαk (x) + (α+ 2)(α + 3)
[
DxL
α
k (x) +
1
k − 1
D2xL
α
k (x)
]
=
[
k(α + 2)− (α+ 1)
]
Lαk (x)−
(α+ 2)(α + 3)
k − 1
k−1∑
j=1
j Lαj (x),
(2.26)
because
DxL
α
k (x) +
1
k − 1
D2xL
α
k (x) = −L
α+1
k−1(x) +
1
k − 1
Lα+2k−2 (x)
= −
k−1∑
j=0
Lαj (x) +
1
k − 1
k−2∑
j=0
(k − 1− j)Lαj (x) = −
1
k − 1
k−1∑
j=1
j Lαj (x).
By inverting formula (2.26), each Laguerre polynomial Lαk (x), k ≥ 2, can be expressed as a
linear combination of a linear function and the polynomials Uαj (x), 2 ≤ j ≤ k. This implies
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the first identity in (2.25). The second one is verified even simpler. Indeed, setting pn(x) =
pn(0) + p
′
n(0)x+ x
2qn−2(x) with some qn−2(x) ∈ Pn−2, we note that
x2qn−2(x) = x
2
n∑
k=2
hα+4k−2 (qn−2, L
α+4
k−2 )w(α+4)L
α+4
k−2(x) =:
n∑
k=2
dk(α, n)V
α
k (x).
So, together with the first two, all components of the Sobolev-Laguerre differential equation in
Theorem 2.1 coincide with those in the representation (1.4). 
3 Symmetry of the Sobolev-Laguerre differential operator and
orthogonality of the corresponding eigenfunctions
One great advantage to be gained from the new representation of the Sobolev-Laguerre differ-
ential operator Lα,M,Nx is that it gives rise to the following symmetry property.
Theorem 3.1. Let α ∈ N0 and M ≥ 0, N > 0.
(i) The operator Lα,M,Nx is symmetric with respect to the inner product (1.1), i.e.(
Lα,M,Nx f, g
)
w(α,M,N)
=
(
f,Lα,M,Nx g
)
w(α,M,N)
, f, g ∈ C(4α+10)[0,∞). (3.1)
(ii) The polynomial eigenfunctions of the Sobolev-Laguerre equation (2.2), yn(x) = L
α,M,N
n (x),
n ∈ N0, satisfy the orthogonality relation(
yn, ym
)
w(α,M,N)
= 0, n 6= m, n,m ∈ N0. (3.2)
The proof requires some preliminary calculations.
Proposition 3.2. (i) For α ∈ N0 and f, g ∈ C
(4α+10)[0,∞) we define the following integrals
each being symmetric in the two functions f, g,
Iα1 (f, g) =
1
α!
∫
∞
0
e−xxα+1f ′(x)g′(x)dx,
Iα2 (f, g) =
1
α!(α + 2)!
∫
∞
0
e−xDα+2x
[
xα+1f(x)
]
Dα+2x
[
xα+1g(x)
]
dx,
Iα3,1(f, g) =
α+ 2
(α+ 1)!(α + 4)!
∫
∞
0
e−xx2Dα+4x
[
xα+1f(x)
]
Dα+4x
[
xα+1g(x)
]
dx,
Iα3,2(f, g) =
1
(α+ 1)!(α + 3)!
∫
∞
0
e−x(x+ 2α+ 4)Dα+3x
[
xα+1f(x)
]
Dα+3x
[
xα+1g(x)
]
dx,
Iα3,3(f, g) =
1
α!(α + 2)!
∫
∞
0
e−x(x+ 2α+ 4)Dα+2x
[
xαf(x)
]
Dα+2x
[
xαg(x)
]
dx,
and, for 0 ≤ j ≤ α+ 2 and qαj = (α+ 2)
−1(α+ 2− j)(α + 3 + j) as defined in (2.6),
Iα4,j(f, g) =
1
(α+ 1)!(α + 3 + j)!
∫
∞
0
e−xxj(x+ qαj )D
j+α+3
x
[
xα+1f(x)
]
Dj+α+3x
[
xα+1g(x)
]
dx.
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Moreover we set
(S1f)(0) =
α+2∑
j=0
(−1)j(α+ 3− j)2j(α+ 2 + j)
j!(j + 2)!
f (j+2)(0),
(S2f)(0) =
α+2∑
j=1
(−1)j+1(α + 3− j)2j
j!(j + 1)!
f (j+1)(0).
Recalling the definition (1.14) of Lα,M,Nx , the corresponding differential expressions satisfy(
Lαxf, g
)
w(α)
= −Iα1 (f, g), (3.3)(
L˘α2α+4,xf, g
)
w(α)
= −Iα2 (f, g)− (α+ 1)f
′(0)g(0), (3.4)
(
L˜α2α+8,xf, g
)
w(α)
= −
3∑
j=1
Iα3,j(f, g)− (α+ 2)f
′′(0)g′(0), (3.5)
(
L̂α4α+10,xf, g
)
w(α)
= −
α+2∑
j=0
(α+ 3− j)2j
j!(j + 1)!
Iα4,j(f, g)− (S1f)(0)g(0) − (S2f)(0)g
′(0). (3.6)
(ii) At the origin, the differential expressions and their derivatives take the values(
Lαxf
)
(0) = (α+ 1)f ′(0),
(
Lαxf
)
′
(0) = (α+ 2)f ′′(0)− f ′(0), (3.7)(
L˘α2α+4,xf
)
(0) = 0,
(
L˘α2α+4,xf
)
′
(0) = −f ′(0) +
(
S2f
)
(0), (3.8)(
L˜α2α+8,xf
)
(0) =
(
S1f
)
(0),
(
L˜α2α+8,xf
)
′
(0) = 0, (3.9)(
L̂α4α+10,xf
)
(0) = 0,
(
L̂α4α+10,xf
)
′
(0) = 0. (3.10)
Proof. We repeatedly utilize that, for any sufficiently differentiable function f(x),
Dsx[x
tf(x)] |x=0 =
s!
(s− t)!
f (s−t)(0), s, t ∈ N0, s ≥ t ≥ 0.
If, in addition, q, r ∈ N0, q ≥ r ≥ 0, we have
1
q!
Dqx
{
e−xxrDsx[x
tf(x)]
} ∣∣
x=0
=
q∑
k=0
(−1)q−k
k!(q − k)!
Dkx
{
xrDsx[x
tf(x)]
} ∣∣
x=0
=
q∑
k=0
(−1)q−k
(q − k)!
k∑
j=0
1
j!(k − j)!
Dk−jx
[
xr
]
Ds+jx
[
xtf(x)
] ∣∣
x=0
=
q∑
k=r
(−1)q−k
(q − k)!
1
(k − r)!
(k + s− r)!
(k + s− r − t)!
f (k+s−r−t)(0)
=
q−r∑
k=0
(−1)q−r−k
(q − r − k)! k!
(k + s)!
(k + s− t)!
f (k+s−t)(0).
(3.11)
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(i) The identities (3.3) and (3.4) have been proved in [18, Sec.4] via integration by parts, i.e.,
(
Lαxf, g
)
w(α)
=
1
α!
∫
∞
0
Dx
[
e−xxα+1Dxf(x)
]
g(x)dx = −
1
α!
∫
∞
0
e−xxα+1f ′(x)g′(x)dx,
(
L˘α2α+4,xf, g
)
w(α)
=
(−1)α+1
α!(α+ 2)!
∫
∞
0
Dα+2x
{
e−xDα+2x
[
xα+1f(x)
]}
xα+1g(x)dx
= −(α+ 1)f ′(0)g(0) −
1
α!(α + 2)!
∫
∞
0
e−xDα+2x
[
xα+1f(x)
]
Dα+2x
[
xα+1g(x)
]
dx.
Concerning (3.5), we find, in view of (2.3), (2.4), that(
L˜α2α+8,xf, g
)
w(α)
= Ω1 +Ω2 +Ω3
with
Ω1 =
(α+ 2)(−1)α+1
(α+ 1)!(α + 4)!
∫
∞
0
Dα+4x
{
e−xx2Dα+4x
[
xα+1f(x)
]}
xα+1g(x)dx
=
α+3∑
k=0
(α+ 2)(−1)k+α+1
(α+ 1)!(α + 4)!
Dα+3−kx
{
e−xx2Dα+4x
[
xα+1f(x)
]}
Dkx
[
xα+1g(x)
]∣∣∞
x=0
− Iα3,1(f, g).
In the sum, the only non-vanishing part occurs for k = α+ 1, evaluated at x = 0, i. e.,
−
α+ 2
(α+ 1)!(α + 4)!
D2x
{
e−xx2Dα+4x
[
xα+1f(x)
]}
Dα+1x
[
xα+1g(x)
]∣∣
x=0
= −
α+ 2
3
f (3)(0)g(0).
(3.12)
Furthermore,
Ω2 =
(−1)α
(α+ 1)!(α + 3)!
∫
∞
0
Dα+3x
{
e−x(x+ 2α+ 4)Dα+3x
[
xα+1f(x)
]}
xα+1g(x)dx
=
α+2∑
k=0
(−1)k+α
(α+ 1)!(α + 3)!
Dα+2−kx
{
e−x(x+ 2α+ 4)Dα+3x
[
xα+1f(x)
]}
Dkx
[
xα+1g(x)
]∣∣∞
x=0
− Iα3,2(f, g).
Here, only the terms for k = α+1 and k = α+2, evaluated at x = 0, contribute to the sum by
1
(α+ 1)!(α + 3)!
Dx
{
e−x(x+ 2α+ 4)Dα+3x
[
xα+1f(x)
]}
Dα+1x
[
xα+1g(x)
]∣∣
x=0
=
1
(α+ 3)!
{
(2α+ 4)Dα+4x
[
xα+1f(x)
]
− (2α+ 3)Dα+3x
[
xα+1f(x)
]}∣∣
x=0
g(0)
=
[1
3
(α+ 2)(α + 4)f (3)(0)−
1
2
(2α+ 3)f ′′(0)
]
g(0)
(3.13)
and, respectively,
−
2α+ 4
(α+ 1)!(α + 3)!
Dα+3x
[
xα+1f(x)
]
Dα+2x
[
xα+1g(x)
]∣∣
x=0
= −(α+ 2)2f ′′(0)g′(0). (3.14)
15
Analogously, there holds
Ω3 =
(−1)α
α!(α + 2)!
∫
∞
0
Dα+2x
{
e−x(x+ 2α+ 4)Dα+2x
[
xαf(x)
]}
xαg(x)dx
=
α+1∑
k=0
(−1)k+α
α!(α + 2)!
Dα+1−kx
{
e−x(x+ 2α+ 4)Dα+2x
[
xαf(x)
]}
Dkx
[
xαg(x)
]∣∣∞
x=0
− Iα3,3(f, g),
where the sum reduces to
−
[1
3
(α+ 2)(α + 3)f (3)(0)−
1
2
(2α+ 3)f ′′(0)
]
g(0) + (α + 1)(α + 2)f ′′(0)g′(0). (3.15)
Hence, the terms (3.12)–(3.15) add up to −(α+ 2)f ′′(0)g′(0) as asserted.
Similarly, we obtain for any j ∈ N0,(
Hα,jx f, g
)
w(α)
=
(−1)j+α
(α+ 1)!(j + α+ 3)!
∫
∞
0
Dj+α+3x
{
e−xxj(x+ qαj )D
j+α+3
x
[
xα+1f(x)
]}
xα+1g(x)dx
=
j+α+2∑
k=0
(−1)k+j+α
(α + 1)!(j + α+ 3)!
Dj+α+2−kx
{
e−xxj(x+ qαj )D
j+α+3
x
[
xα+1f(x)
]}
Dkx
[
xα+1g(x)
]∣∣∞
x=0
− Iα4,j(f, g).
Again, all but the summands for k = α + 1 and k = α + 2, evaluated at x = 0, vanish. For
k = α+ 1, we obtain
(−1)j
(j + α+ 3)!
Dj+1x
{
e−xxj(x+ qαj )D
j+α+3
x
[
xα+1f(x)
]} ∣∣
x=0
g(0)
=
(−1)j
j + 2
(1− qαj )f
(j+2)(0)g(0) +
(−1)j(α+ 4 + j)
(j + 2)(j + 3)
qαj f
(j+3)(0)g(0)
=
(−1)j+1(α+ 3− j)(α + 2 + j)
(j + 2)(α + 2)
f (j+2)(0)g(0)
+
(−1)j(α+ 4 + j)(α + 2− j)(α + 3 + j)
(j + 2)(j + 3)(α + 2)
f (j+3)(0)g(0)
and, for k = α+ 2,
(−1)j+1
(α+ 1)!(j + α+ 3)!
Djx
{
e−xxj(x+ qαj )D
j+α+3
x
[
xα+1f(x)
]}
Dα+2x
[
xα+1g(x)
] ∣∣
x=0
=
(−1)j+1(α+ 2− j)(α + 3 + j)
(j + 1)(j + 2)
f (j+2)(0)g′(0).
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Putting all parts together then yields
(
L̂α4α+10,xf, g
)
w(α)
=
α+2∑
j=0
(α+ 3− j)2j
j!(j + 1)!
(
Hα,jx f, g
)
w(α)
= −
α+2∑
j=0
(α+ 3− j)2j
j!(j + 1)!
Iα4,j(f, g) + g(0)
{ α+2∑
j=0
(−1)j(α+ 3− j)2j
j!(j + 2)!
f (j+2)(0)−
−
α+2∑
j=0
(−1)j(α+ 2− j)2j+2
j!(j + 2)!(α + 2)
f (j+2)(0) +
α+2∑
j=0
(−1)j(α+ 2− j)2j+2(α+ 4 + j)
j!(j + 3)!(α + 2)
f (j+3)(0)
}
−
α+1∑
j=0
(−1)j(α+ 2− j)2j+2
(j + 1)!(j + 2)!
f (j+2)(0)g′(0).
Notice that the three sums in curly brackets can be combined by means of an index transfor-
mation in the third one and the fact that
(−1)j(α+ 3− j)2j
[
α+ 2− (α+ 3 + j)(α + 2− j) − (α+ 3 + j) j
]
j!(j + 2)!(α + 2)
=
(−1)j+1(α+ 3− j)2j(α+ 2 + j)
j!(j + 2)!
.
By another index transformation in the last sum we arrive at the identity (3.6).
(ii) The values (3.7) follow at once by definition (1.6) of Lαx . In (3.8),
(
L˘α2α+4,xf
)
(0) = 0 is
trivial, while in view of (3.11),
(
L˘α2α+4,xf
)
′
(0) =
(−1)α+1
(α+ 2)!
Dα+2x
{
e−xDα+2x
[
xα+1f(x)
]} ∣∣
x=0
=
α+2∑
k=0
(−1)k+1(α+ 3− k)2k
k!(k + 1)!
f (k+1)(0) = −f ′(0) +
(
S2f
)
(0).
Concerning (3.9),
(
L˜α2α+8,xf
)
(0) =
(−1)α
(
Gαx f
)
(0)
(α+ 1)(α + 4)!
=
(−1)α
(α+ 2)!
Dα+2x
{
e−x(x+ 2α+ 4)Dα+2x
[
xαf(x)
]} ∣∣
x=0
=
α+2∑
k=0
(−1)k(α+ 3− k)2k(2α + 4− [α+ 2− k])
k!(k + 2)!
f (k+2)(0) =
(
S1f
)
(0).
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We further notice that
(
Eαx f
)
′
(0) =
α+ 2
α+ 1
α+3∑
k=1
(−1)k(k + α+ 3)!
(k − 1)!(k + 2)!(α + 3− k)!
f (k+2)(0),
(
Fαx f
)
′
(0) =
1
α+ 1
α+3∑
k=0
(−1)k+1(k + α+ 1)(k + α+ 3)!
k!(k + 2)!(α + 3− k)!
f (k+2)(0),
(
Gαx f
)
′
(0) =
α+2∑
k=0
(−1)k
k!(α + 2− k)!
Dk+1x
{
(x+ 2α+ 4)Dα+2x
[
xαf(x)
]} ∣∣
x=0
=
α+2∑
k=0
(−1)k
k!(α + 2− k)!
{
(2α + 4)
(k + α+ 3)!
(k + 3)!
f (k+3)(0) + (k + 1)
(k + α+ 2)!
(k + 2)!
f (k+2)(0)
}
=
α+3∑
k=0
(−1)k+1(k + α+ 2)!
k!(k + 2)!(α + 3− k)!
[
(2α + 4)k − (k + 1)(α+ 3− k)
]
f (k+2)(0)
=
α+3∑
k=0
(−1)k+1(k − 1)(k + α+ 3)!
k!(k + 2)!(α + 3− k)!
f (k+2)(0).
Since k(α+ 2)/(α + 1)− (k + α+ 1)/(α + 1)− (k − 1) = 0, k ∈ N0, we conclude that
(
L˜α2α+8,xf
)
′
(0) =
(−1)α
(α+ 1)(α + 4)!
{(
Eαx f
)
′
(0) +
(
Fαx f
)
′
(0) +
(
Gαx f
)
′
(0)
}
= 0.
Concerning (3.10), it is clear that
(
L̂α4α+10,xf
)
(0) = 0. Moreover,
(
L̂α4α+10,xf
)
′
(0) =
α+2∑
j=0
(α+ 3− j)2j
j!(j + 1)!
(
Hα,jx f
)
′
(0)
with
(
Hα,jx f
)
′
(0) =
(−1)α+j
(α+ 1)(α + 3 + j)!
Dα+3+jx
{
e−xxj(x+ qαj )D
α+3+j
x
[
xα+1f(x)
]} ∣∣
x=0
=
α+3+j∑
k=j+1
(−1)k+1
(α + 1)(α + 3 + j − k)!
{
(k + α+ 2)!
(k − j − 1)!(k + 1)!
f (k+1)(0) +
qαj (k + α+ 3)!
(k − j)!(k + 2)!
f (k+2)(0)
}
=
α+3+j∑
k=j
(−1)k
(α + 1)(α + 3 + j − k)!
(k + α+ 3)! (α + 3 + j − k − qαj )
(k − j)!(k + 2)!
f (k+2)(0).
Hence, by interchanging the order of summation,
(
L̂α4α+10,xf
)
′
(0) =
2α+4∑
k=0
bαk
(−1)k(k + α+ 3)!
(α+ 1)(k + 2)!
f (k+2)(0),
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where
bαk =
min(α+2,k)∑
j=max(0,k−α−3)
(α+ 3− j)2j
j!(j + 1)!(k − j)!
[
α+ 3− k + j − (α+ 2− j)(j + α+ 3)/(α + 2)
]
(α+ 3− k + j)!
=
min(α+2,k)∑
j=max(0,k−α−2)
(α+ 3− j)2j
j!(j + 1)!(k − j)!(α + 2− k + j)!
−
min(α+1,k)∑
j=max(0,k−α−3)
(α+ 2− j)2j+2
j!(j + 1)!(k − j)!(α + 3− k + j)!(α + 2)
.
To see that
(
L̂α4α+10,xf
)
′
(0) = 0, we must show that the coefficients bαk vanish for all 0 ≤ k ≤
2α+ 4 or, equivalently,
min(α+2,k)∑
j=max(0,k−α−2)
(j + α+ 2)!(−k)j(−α− 2)j
j!(j + 1)!(j − k + α+ 2)!
=
min(α+1,k)∑
n=max(0,k−α−3)
(n+ α+ 3)!(−k)n(−α− 1)n
n!(n+ 1)!(n − k + α+ 3)!
.
(3.16)
By employing the Chu-Vandermonde formula (2.22), we observe that for all max(0, k−α−2) ≤
j ≤ min(α+ 2, k),
Cαj,k :=
min(α+1,k)∑
n=max(0,k−j−1)
(−k)n(−α− 1)n
(n− k + j + 1)!n!
=
(j + α+ 2)!
(j + 1)!(j − k + α+ 2)!
. (3.17)
Inserting (3.17) into the left-hand side of (3.16), interchanging the order of summation, and
using (3.17) again with α replaced by α+ 1, we arrive at the required result
min(α+2,k)∑
j=max(0,k−α−2)
Cαj,k
(−k)j(−α− 2)j
j!
=
min(α+2,k)∑
j=max(0,k−α−2)
[ min(α+1,k)∑
n=max(0,k−j−1)
(−k)n(−α− 1)n
(1− k + j + n)!n!
]
(−k)j(−α− 2)j
j!
=
min(α+1,k)∑
n=max(0,k−α−3)
[ min(α+2,k)∑
j=max(0,k−n−1)
(−k)j(−α− 2)j
(1− k + j + n)! j!
]
(−k)n(−α− 1)n
n!
=
min(α+1,k)∑
n=max(0,k−α−3)
Cα+1n,k
(−k)n(−α− 1)n
n!
. 
Remark 3.3. For 0 ≤ k ≤ α+ 2, identity (3.16) may be written in the form
3F2
(
α+ 3,−α− 2,−k
2, α + 3− k
; 1
)
=
α+ 3
α+ 3− k
3F2
(
α+ 4,−α− 1,−k
2, α + 4− k
; 1
)
(3.18)
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This is a terminating version of Thomae’s 3F2−transformation formula [21, (2)]
3F2
(
a, b, c
d, e
; 1
)
=
Γ(d)Γ(e)Γ(s)
Γ(a)Γ(s + b)Γ(s+ c)
3F2
(
d− a, e− a, s
s+ b, s+ c
; 1
)
, s = d+ e− a− b− c.
Proof of Theorem 3.1. (i) In view of Proposition 3.2 (ii), the scalar product on the left-hand
side of (3.1) is given by(
Lα,M,Nx f, g
)
w(α,M,N)
=
(
Lα,M,Nx f, g
)
w(α)
+M
(
Lα,M,Nx f)(0)g(0) +N
(
Lα,M,Nx f)
′(0)g′(0)
=
(
Lαxf, g
)
w(α)
+M
[(
L˘α2α+4,xf, g
)
w(α)
+
(
Lαxf)(0)g(0)
]
+N
[(
L˜α2α+8,xf, g
)
w(α)
+
(
Lαxf)
′(0)g′(0)
]
+MN
[(
L̂α4α+10,xf, g
)
w(α)
+
(
L˜α2α+8,xf
)
(0)g(0) +
(
L˘α2α+4,xf
)
′
(0)g′(0)
]
= −Iα1 (f, g) −M
[
Iα2 (f, g) + (α+ 1)f
′(0)g(0) − (α+ 1)f ′(0)g(0)
]
−N
[ 3∑
j=1
Iα3,j(f, g) + (α+ 2)f
′′(0)g′(0) −
{
(α+ 2)f ′′(0) − f ′(0)
}
g′(0)
]
−MN
[ α+2∑
j=0
(α+ 3− j)2j
j!(j + 1)!
Iα4,j(f, g) + (S1f)(0)g(0) + (S2f)(0)g
′(0)−
− (S1f)(0)g(0) +
{
f ′(0) − (S2f)(0)
}
g′(0)
]
.
Hence we achieve the identity
(
Lα,M,Nx f, g
)
w(α,M,N)
=− Iα1 (f, g)−MI
α
2 (f, g)−N
3∑
j=1
Iα3,j(f, g)
−MN
α+2∑
j=0
(α+ 3− j)2j
j!(j + 1)!
Iα4,j(f, g) −N(1 +M)f
′(0)g′(0).
(3.19)
The right-hand side of (3.19) is symmetric w. r. t. the functions f, g , and so we can interchange
their roles in the scalar product on the left. This completes the proof of part (i) in Theorem 3.1.
(ii) The orthogonality relation (3.2) is a simple consequence of part (i), since for all n 6= m,
n,m ∈ N0, the difference of the eigenvalues λ
α,M,N
m − λ
α,M,N
n does not vanish, while(
λα,M,Nm − λ
α,M,N
n
)(
yn, ym
)
w(α,M,N)
=
(
Lα,M,Nx yn, ym
)
w(α,M,N)
−
(
yn,L
α,M,N
x ym
)
w(α,M,N)
= 0. 
Corollary 3.4. For any real-valued function f ∈ C(4α+10)[0,∞), there holds(
− Lα,M,Nx f , f
)
w(α,M,N)
≥
1
α!
∫
∞
0
e−xxα+1[f ′(x)]2dx+
+
M
α!(α + 2)!
∫
∞
0
e−x
{
Dα+2x
[
xα+1f(x)
]}2
dx+N(1 +M)[f ′(0)]2,
(3.20)
and equality is attained for any linear function f .
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Proof. Inequality (3.20) follows from identity (3.19) since Iα3,j(f, f) ≥ 0, 1 ≤ j ≤ 3, and
Iα4,j(f, f) ≥ 0, 0 ≤ j ≤ α+ 2. All these integrals clealy vanish, if f is a linear function.
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